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Abstract. In this paper we obtain a new-type formula - a mixed formula - 
which connects the functions |C(l/2 + it)\ and argf(l/2 + it). This formula 
cannot be obtained in the classical theory of A. Selberg, and, all the less, in 
the theories of Balasubramanian, Heath-Brown and Ivic. 



1. Introduction 



Let us remind that in the formula 



(1.1) 



the arg^ -|- it) is defined as follows. If i = 7, where the /? -I- 17 is a zero of C(s), 
the argC (i + it) is obtained by continuous variation along the straight lines joining 
2,2 + it and 1/2-1- it, starting from the value argC(2) = 0. If t = 7 then 



1 



argC I 77 + *7 ) = argC ( 77 + «i ) . 



1 



Let 
(1.2) 



S{t) = 1 argC + , 5i(T) = ^ S{t)dt. 
First of all, there are the asymptotic formulae for the integrals 



dt, 



1 



it 



dt. 



(Hardy and Littlewood started to study these integrals in 1918, 1922). On the 
other hand, there are Selberg's asymptotic formulae ([I3],[I1], in 1944, 1946) 

fT+U 

(1.3) 



{5(^)}2''^d^^-^^^7(lnln^)^ 



fc!(27r) 



(1.4) 



fT+U 

/ {5i(t)}2Mt-CfcC/, T^oo, 

JT 



where U = T^/^+<^ and k is a fixed positive number, (Littlewood and Titchmarsh 
started to study the integrals dUS]) and (HH]), fc = 1, see [5],[TS] in 1925, 1928). 
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In this paper we obtain a formula of a new type - a mixed formula - i.e. a formula 
which connects the functions (see (ll.ip ) \({l/2 + it)\, a,r:g({l/2 + it). 
This paper is a continuation of the series of papers [5]-|12j. 

2. Result 

Let (pi{T), T > To[ipi] stands for the Jacob's ladder. The following theorem 
holds true. 

Theorem. For every fixed fc G N and for every fixed Jacob's ladder there is the 
single- valued function of T 

Tk = Tk{T;(pi) = Tk{T), T > Ti[ipi], 

for which the following asymptotic formula 



(2.1) 



argC(^-+it]dt 



7r(cfe) 



^ (Inrfc(r))^ 
|C(i+*rfe(T))| 



is true, where 

(A) Tk€{T,T + U), ipiiTk) e (MT), MT + U)), U = T^^^+' 

(B) ^iiT + U)-MT)r^U, MT+U)<T 

(C) p{[T,T + [/]; [ipi{T),ipi{T +U)]} - (1 - c)tt(T) ^ oo as T ^ cx) and p 
denotes the distance of the corresponding segments, c is the Euler's constant 
and 7r(T) is the prime-counting function. 

Remark 1. By (|2.1|) we have the prediction of the value 



C(i+-.(T)) 



= \Z{Tk{T))\, Tk{T)e{T,T + U) 



for the signal 



Z{t) 



it 



generated by the Riemann zeta-function, by means of the value 

fVi(^fc(T)) /-^ s 

which descends from very deep past (see (B),(C), comp. [T, Remarks 3,4). 



Remark 2. It is quite evident that the formula (j2.ip cannot be obtained within 
the classical theory of A. Selberg (see [13], [M]), and, all the less, in the theories of 
Balasubramanian, Heath-Brown and Ivic, (comp. [1]). 

3. The first corollaries 

Using the mean- value theorem in p.ip and putting (pi{Tk{T)) ^ Tk{T), (this 
follows from t — (pi{t) ~ (1 — c)7r(t)), we obtain 



Corollary 1. 

(3.1) 

where 



|a;[arg C]| 



7r(cfe)2fc (In Tfc(T)) 21- 



T,(r)|C(i-^*rfe(T))p 
w[argC] =w[argC(l/2 + zt); t e [0, ^i(Tfe(r))]] 
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denotes the mean-value of arg ({I /2 + it), t e [0, (pi(Tfc(T))] and (pi{Tk{T)) G 

Remark 3. By (|3.ip the following holds true: the value \({l/2 + iTk{T))\ is asymp- 
totically defined by the mean- value lo [arg C] , which descends from the very deep 
past (comp. Remark 1) and vice-versa. 

Remark 4. It is evident that the set of zeroes t = j oi the function C(l/2 + it), t G 
[T, T + U] is the exceptional set for the values of the function Tk = Tk{T), i.e. 

In connection with this we have the following addition 
Corollary 2. 

hm |w[argC]|-|C(l/2 + »rfc(r))|* =0. 

T— s-oo 

4. The asymptotic formula for the distance 7' - 7 of some 
subsequence of consecutive zeroes of ({1/2 + it) 

4.1. For simplicity, we put fc = 1 in p.ip 

1 



(4.1) 



|a;[argC]| 



\/5^^(T) 
ri{T) ■ 



Let t = 7,7' denotes the consecutive zeroes of the function \({l/2 + it)\, for which 
(4.2) 7<Ti(T)<7', Ti(T)e (T,r + C/) 

holds true, and n(fj) denotes the order of the zero i = 7. Since 



(4.3) 



Ci^+m(T) 



= l^[ri(r)]| = 
^(n(7))[^i(T)] . [ri(r) - 7]"(^), 7 < ri(T) < ri(T) 



{n(7)}! 

(see (14. 2p ) then from (14. ip . (ti(T) ^ 7), the asymptotic formula 



(4.4) 



Ti(T)-7 



7rycr{n(7)}!v/In7 
7|c.[argC]|-|Z("(7))[ri(T)] 



follows, and similarly, we obtain 

(4.5) |ri(T)-7'|=7'-ri(T) 



7r^/cr{n(70}!Vln7' 
^7V[argC]|-|ZW^'))[ri(T)]| 
Then we obtain from (14.41). (14.51) 



, ri(T)<T2(r)<7' 



Corollary 3. If the pair of consecutive zeroes 7, 7' fulfils (|4.2p then the asymptotic 
formula 



(4.6) 7'-7^ 



ci{n(7)}!\/ln7 



7k[argC]|-|Z(«(7))[ri(r)]| 

1 

(7') 



7r^/cr{n(7')}!Vln7' 
7'|c.[argC]|-|Z("(r))[ri(r)]| 



holds true. 



, ^ < tI{T) < n{T) < tUt) < ^' 
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Remark 5. This is the surprise (for the author) that the asymptotic formula for 
7' — 7 contains the expression |w[argC]|. 

Remark 6. The nonlocal nature of the formula (j4.6p is quite evident (comp. Remark 
!)• 

4.2. Let {(7,7')} denotes the subsequence of the sequence {(7,7')} such that 
n(7) =77,(7') = 1 (for example if the weakened Mertens hypothesis is true). Then 
from (|4.6|) we obtain 

Corollary 4. 

,y ^, _ ny/^y/h^ ( 1 1 \-^l^_^_2 



Next, using the estimate 

(4.8) \Z'\<Af^\n^, i-^<Af/^+^/^ 
we obtain from (|4.7p the following 

Corollary 5. 

(4.9) |w[argC]| > ^473+!' 7 ^ oo- 

Remark 7. The estimate ()4.9p is the first nontrivial lower bound of |w[argC]|, (the 
small improvements of the exponent 1/6 in ()4.8p are irrelevant). 

5. Lemmas 

5.1. Let us remind that 

(5.1) Z2(0 = ^, Vi{t)-\v{t\ 

where 

2$^[^(<)] {l + 0(isi^)}lnt' 

(see 0, (3.9); [5], (1.3); 0, (1.1), (3.1), (3.2)). The following Lemma holds true 
(see [g, (2.5); [9], (3.3)). 

Lemma 1. For every integrable function (in the Lebesgue sense) f{x), x G [(/3i(T), Lpi 
U)] the following is true 



(5.3) / f[ipi{t)]Z'{t)dt^ /(a,)da;, f/e 0,— 

where t — ipi[t) ^ [1 ~ c)'K{t) . 



Remark 8. The formula (|5.3I) remains true also in the case when the integral on 
the right-hand side of (|5.3p is only relatively convergent improper integral of the 
second kind (in the Riemann sense). 
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5.2. Next, the following Z^-transforniatfon of the formulae of A. Selberg (|1.3p . 
(|1.4p holds true (comp. [7], Concluding remarks). 



Lemma 2. 



(5.4) 



T+U 



{s[Mm 



2k 



it 



At 



A:!(27r)2'= 



C/lnr(lnlnr)'=, 



(5.5) 



T+U 



{Si[vim 



2k 



it 



dt ^ CkU In T. 



Proof. From (|1.3p and by Lemma 1 we obtain 



(5.6) 



T+U 



{s[Mt)]V'z\t)dt 

(2fc)! 

,^i(T + c/)-^i(r) 



{5[^i(r)]}2'=dt 



ki^2nrki^''^T + U)-MT)}\nh.^i{T)^ 



(2fc)! 



fc!(27r)2fe 
(2fc)! 



U- 



U 



In In V3i(r) 



C/tan[a(T, [/)] In In (^i(T), 



fc!(27r)2fe 

where a(T, U) is the angle of the chord of the curve y = (pi{t) that binds the points 
[T, ipi{T)] and [T + f/, v?i(T + [/)]. Let us remind that 



'InT 



(5.7) tan[a(r,[/)] - 1, C/ G 

(comp. [3], (8.3), [2], (3.9)) and 

(5.8) t-ipi{t)^il-c)7r{t), 
(see (5.1), |3j, (6.2)). Since by (5.8) we have 

(5.9) (T) - T, Inln^i(r) - In InT, 
then from (5.6) by (5.7), (5.9) this formula 

(5.10) /'^^''rcr,^ ..^n2fc^2..^^. . (2^)' 



{S[ip,{t)]y''Z'{t)dt 



fc!(27r)2* 

follows. Using the mean- value theorem in (15.101) we obtain (|5.4p by (15. 2p . Similarly 
we obtain (j5.5p . □ 



6. Proof of the Theorem 
Using the mean- value theorem in (|5.5p we obtain 



(6.1) 



\Si[ipiiT)]\''Z\T)^Ck InT^Cfcln- 



r = T(r,(7,fc)e (T,r + c/), ^i(t) e (¥'i(T),¥.i(r + c/)). 

Since U = T^/^+e ^-j^gj^ ^ ^ ^(-y^ y > To[(pi]. Next, if for every T > ro[<pi] we 
take one mean- value Tk{T) £ {t(T, fc, e)} then we have the single- valued function 
Tk = Tk{T) for fixed k, e (comp. [7], Remark 2). Hence by ()5.ip we have 

Inrfc(r) 



(6.2) 



|^i[^i(rfe(T)): 



|2fe 



Cfe- 



C(i + iT,(T))| 



rfc(r)e (T,r + {/), ^i(rfe(T)) e (^i(r),^i(T + c/)). 
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Then from (|6.2I) the asymptotic formula (|2.ip and (A) follows. The expressions (B) 
and (C) are identical with (C), (D), fc = 1 of Theorem in [9\. 

I would like to thank Michal Demetrian for helping me with the electronic version 
of this work. 
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